We show theoretically that an efficient nanolens ͑a self-similar chain of metal nanospheres͒ creates a nanofocus of highly enhanced ͑up to six orders of magnitude with respect to the flat surface͒ second harmonic local fields. This nanofocus is situated in the gap between the nanospheres at the surface of the smallest nanosphere on the axis of symmetry. The spectral maximum for silver nanolens in vacuum is in near-Uv at 337 nm. The generation of the second harmonic radiation in the far zone is also predicted due to the absence of the center symmetry of the nanolens considered. Perspective applications in chemical and biological sensing are discussed. There has recently been a great interest in the optical properties of metal nanoparticles and their aggregates. Much of this interest is stimulated by the possibilities of using large electromagnetic field enhancement associated with the excitations of surface plasmons ͑SPs͒ to increase the cross sections for various kinds of spectroscopies. Seminal experiments in surface enhanced Raman scattering ͑SERS͒ 1,2 have shown enhancement of the Raman scattering intensity for silver nanoparticle aggregates as large as G SERS ϳ 10 14 , enabling detections of single molecules. This colossal enhancement, which has later been confirmed in a number of experiments, see, e.g., Ref. 3, implies that there are especially active Raman sites in the nanosystem ͑"hottest spots"͒ where the enhancement G of the local field amplitude exceeds three orders of magnitude; cf. G SERS ϳ G 4 . For comparison, the average enhancement G SERS for silver fractal clusters was calculated to be only of about six orders of magnitude.
We show theoretically that an efficient nanolens ͑a self-similar chain of metal nanospheres͒ creates a nanofocus of highly enhanced ͑up to six orders of magnitude with respect to the flat surface͒ second harmonic local fields. This nanofocus is situated in the gap between the nanospheres at the surface of the smallest nanosphere on the axis of symmetry. The spectral maximum for silver nanolens in vacuum is in near-Uv at 337 nm. The generation of the second harmonic radiation in the far zone is also predicted due to the absence of the center symmetry of the nanolens considered. Perspective applications in chemical and biological sensing are discussed. There has recently been a great interest in the optical properties of metal nanoparticles and their aggregates. Much of this interest is stimulated by the possibilities of using large electromagnetic field enhancement associated with the excitations of surface plasmons ͑SPs͒ to increase the cross sections for various kinds of spectroscopies. Seminal experiments in surface enhanced Raman scattering ͑SERS͒ 1,2 have shown enhancement of the Raman scattering intensity for silver nanoparticle aggregates as large as G SERS ϳ 10 14 , enabling detections of single molecules. This colossal enhancement, which has later been confirmed in a number of experiments, see, e.g., Ref. 3, implies that there are especially active Raman sites in the nanosystem ͑"hottest spots"͒ where the enhancement G of the local field amplitude exceeds three orders of magnitude; cf. G SERS ϳ G 4 . For comparison, the average enhancement G SERS for silver fractal clusters was calculated to be only of about six orders of magnitude. 4, 5 Recently, we have demonstrated theoretically that an "engineered" nanolens, which is a self-similar chain of silver nanospheres, can generate colossal local field enhancement G տ 10 3 near the surface of the smallest nanosphere due to the cascading effect of the excitation transfer down the sequence of spatial scales and the effect of the SP resonant enhancement. 6 Thus, such a nanolens can potentially provide the SERS enhancement G SERS տ 10 14 needed for the singlemolecule SERS and be potentially useful for the ultrasensitive Raman spectroscopy. Subsequently, we have investigated the possibilities of using the proposed nanolens as a spaser ͑surface plasmon amplification by stimulated emission of radiation͒. 7, 8 As mentioned earlier, in the two potential applications of the nanolens, namely Raman spectroscopy and spaser, the large enhancement of the local field is caused by the cascading effect: in Raman spectroscopy, the external field is magnified near the largest sphere by the SPs, this enhanced field plays the role of the effective external field for the next sphere, which is again magnified by the SPs, and the colossal enhancement in local field near the smallest sphere is finally achieved by the multiplicative or multistage enhancement; in spaser, no external laser sources is needed, nevertheless the nanofocused distribution of the local fields is generated selfconsistently by the same mechanism.
In this report, we introduce another enhanced optical effect in a nanolens: an efficient second harmonic generation ͑SHG͒. Recently, the local SHG by a metal tip of a scanning near-field optical microscope ͑SNOM͒ has been observed and applied to ultramicroscopy as a localized light source. 9 This application is based on the plasmonic enhancement of the local optical fields at the SNOM tip. Plasmonic enhancement of SHG and giant SERS in silver nanoparticle arrays obtained by nanosphere lithography has recently been reported. 10 There have also been published studies of SHG and the corresponding hyperpolarizability on metal colloids. 11, 12 There is no doubt that the SHG generation in nanostructures, especially the SP-enhanced one, will be one of the most important phenomena to study and use. We predict below that a nanosphere nanolens is an efficient generator of the local SHG fields in the gap between the two minimum nanolenses. For silver as a material, SHG local field amplitude is predicted to be enhanced ͑comparing to the flat surface͒ by a factor up to G SHG ϳ 10 6 , i.e., the SH local intensity is enhanced by twelve orders of magnitude. This is a gigantic enhancement that can be employed in various applications, in particular for chemical and biological sensing.
To make this report self-contained, we briefly summarize the theory of a nanosphere aggregate as a nanolens. 6 The total size of the aggregate is assumed to be much less than the light wavelength. Therefore the quasistatic approximation is used, and the electric potential satisfies the Laplace equation both inside and outside of the nanospheres, ١ 2 ͑r͒ = 0. Consider this aggregate to consist of individual nanospheres of radii R i . Because of the spherical symmetry of the individual nanospheres in the nanolens system, the linear electric potential can be expressed in terms of spherical harmonics as
inside a jth sphere and
in the host ͑outside of all the metal nanospheres͒. Here, ͑r j , j , j ͒ are the spherical coordinates relative to the center of the jth nanosphere, and 0 ͑r͒ is the external potential. To determine the coefficients a lm j , b lm j , we use the boundary conditions at the surface of each sphere: − ͑r j ͒ = + ͑r j ͒ and ‫ץ͒͑‬ r j − ͑r j ͒ = ‫ץ‬ r j + ͑r j ͒, where the − and + subscripts denote the inside and outside of a sphere, ͑͒ is the relative dielectric function of the metal at a frequency of . To make the system of equations closed, we use the well-known reexpansion of the lm-multipole fields of a jth nanosphere over the lЈmЈ multipoles about the center of a kth nanosphere 13, 14 that is determined by coefficients O lm,l Ј m Ј ͑jk͒,
where R jk is the center-to-center distance between particles.
From the above equations, coefficients a lm j and b lm j are computed numerically by matrix inversion.
Once the linear potential field is determined, we use it to calculate nonlinear polarization P ͑2͒ ͑r͒ at a second harmonic frequency of 2. In an isotropic medium, P ͑2͒ ͑r͒ contains a term originated from bulk of the metal,
and two other terms originating at the metal surface,
where ⌰͑r͒ is a characteristic function equal to 1 in the metal and 0 elsewhere, and A , B, and C are parameters that are both frequency and material dependent. These parameters can be estimated by the hydrodynamic theory, 15 which gives
where e and m are the electron charge and mass, and a , b ϳ 1 are constants whose typical values are:
where p is the electron plasma frequency, and 0 is an "effective plasma frequency" that lies between 0 and 2 p . In our computations we set b =−1 and a = −2 that implies 0 Ϸ p .
The nonlinear electric potential ͑2͒ can be expressed as a superposition of the bulk and surface contributions, 
Here, Ј + ͑2b͒ ͑r͒ = + ͑2b͒ ͑r͒, Ј − ͑2b͒ ͑r͒ = − ͑2b͒ ͑r͒ − ͓4C / e͑2͔͒E − 2 ͑r͒, and P Ќ and P ʈ are the normal and parallel ͑to a nanosphere surface͒ components of the SH polarizations.
Similar to the linear field of Eqs. ͑1͒ and ͑2͒, the SH potentials Ј ͑2b͒ and ͑2s͒ can also be expanded over the spherical harmonics. Then the linear algebraic equations for the corresponding coefficients from the boundary conditions of Eqs. ͑8͒, ͑9͒, ͑11͒, and ͑12͒ are solved numerically.
As a system, we consider an efficient nanolens introduced in Ref. 6 . Such a nanolens consists of a finite, self-similar chain of metallic nanospheres. For an ith nanosphere, we introduce radius R i and its surface-to-surface separation from the ͑i +1͒th nanosphere d i,i+1 . The self-similarity implies that R i+1 = R i , and d i,i+1 = R i+1 , where , = const. Because the phenomena that we are discussing originate at the nanoscale, we consider a nanosystem whose entire extent is much smaller than the light wavelength to use the quasistatic approximation whose equations in a multipole expansion form for the nanolens systems have been outlined above.
For our numerical computations, we choose silver as the metal because it has the smallest optical losses of any natural metal in the visible and infrared spectrum. 16 The nanolens that we are considering, which sometimes is referred to as a "nanosnowman," as shown in Fig. 1 , consists of three silver spheres aligned in the z direction, with =1/3, = 0.6, and R 3 = 5 nm, respectively ͑R 2 = 15 nm, R 1 = 45 nm, accordingly͒. The external electric potential is assumed to be z polarized, 0 ͑r͒ =−E 0 z, where we set E 0 = 1 for numerical computations. As the embedding medium we consider vacuum.
In Fig. 2 , we show the SH ͑at a frequency 2͒ local fields for the nanolens described above for the excitation frequency of ប = 3.12 eV, which is below the resonant SP frequency ប 0 = 3.5 eV for a single nanosphere. For certainty, the SH local fields are normalized to the SH fields that are produced at a plane silver surface for the excitation radiation of the same power incident at this surface at 45 deg and s polarized. As we see from Fig. 2 , the maximum SH local field ͑SH "hot spot"͒ is enhanced by four orders of magnitude ͑with respect to the flat silver surface͒. There is a sharp nanofocus of the SH local fields that is located in the gap between the smallest and next to it nanospheres ͓Fig. 2͑a͔͒. There is a nontrivial, sign-alternating structure of the SH local fields evident in the detailed ͑small scale͒ picture of this nanofocus Fig. 2͑b͒ . We can see that the point of the SH local field global maximum is located at the axis of symmetry at the surface of the smallest nanosphere, in accord with the Earnshow theorem. The fundamental local fields also have the maximum at the same point, cf. Ref. 6 . Note that this coincidence is not a general property of SHG: in Ref. 17 , the maximums of the fundamental and SH are positioned at completely different spatial regions. Here, this coincidence of the fundamental and SH maximums is due to the axial symmetry of the nanolens "snowman" system. At the same time, nevertheless, the spatial structure of SH and fundamental fields near the nanofocus is completely different, cf. change of sign of the SH fields in Fig. 2͑b͒ and Fig. 3 .
In Fig. 3 , we display the results for a frequency of ប = 3.37 eV, which corresponds to the spectral maximum of the local fields in the nanofocus, Ref. 6 . We have also checked the local field response at the nanofocus for higher frequencies ͑e.g., for ប = 3.5 eV that is the single-sphere SP frequency͒ and found that the response becomes smaller. So, the ប = 3.37 eV appears to be the maximum response frequency also for the local SHG in the nanofocus. As we see from Fig. 3 , the SH local field magnitude in the nanofocus is enhanced by six orders of magnitude ͑with respect to the flat surface͒, that is two orders of magnitude stronger that for the above-considered case of ប = 3.12 ͑cf. Fig. 2͒ . The localization of the fields in the nanofocus is as strong and the locations of the nanofocus maximum remains at the same point at the axis of the system at the surface of the minimum nanosphere ͓Fig. 3͑b͔͒.
Because the nanolens under consideration does not possess the center symmetry, not only the local SH fields are generated but also the SH radiation in the far zone is radiated. From the axial symmetry of the system it is obvious that the induced SH dipole d ͑2͒ ͑oscillating at a frequency of 2͒ is directed along the symmetry axis of the nanolens, i. length is displayed in Fig. 4 . This hyperpolarizability has a sharp peak at the same frequency where the local fields reach their maximum. The peak value of ␤Ј is Ϸ2000ϫ 10 −30 esu, which is comparable to the reduced hyperpolarizability measured earlier for silver colloids. 11, 12 We do not expect the hyperpolarizability to be enhanced because the SH nanofocus is so tight that its contribution to this hyperpolarizability is not expected to be large.
To briefly conclude, we have shown that the efficient nanolens ͑a self-similar chain of silver nanospheres with progressively decreasing radii and surface separations͒ is an efficient generator of SH local fields. It creates a SH nanofocus at exactly the same position as the nanofocus of the local fields, namely at the axis of symmetry in the gap between the two smallest nanospheres, at the surface of the smallest nanosphere. This coincidence of the nanofoci of the fundamental and SH is due to the high symmetry of the nanolens, in contrast to random systems. The intensity of the SH local fields at the nanofocus is enhanced by up to 12 orders of magnitude with respect to the flat silver surface. This enhancement has a pronounced spectral maximum in the nearUv. This effect has prospective applications in ultrasensitive sensors of chemical and biological substances and objects. For instance, a molecule or nanoparticle with resonances in Uv bound at the nanofocus will be efficiently excited by the enhanced SH local fields and emit fluorescence or resonant Raman radiation. 
